This paper is devoted to the construction of a family of linear sigma models with (0, 4) supersymmetry which should flow in the infrared to the stringy version of YangMills instantons on R 4 . The family depends on the full set of expected parameters and is obtained by using the data that appear in the ADHM construction of instantons.
Introduction
There has long been interest in finding solutions of string theory which -in the large scale limit -go over to the familiar instanton solutions of Yang-Mills field theory. An argument using supersymmetry shows that any field theoretic instanton solution can be systematically corrected, by adding terms of higher and higher order in α ′ , to get a string theoretic solution [1] .
This perturbative approach can be made particularly explicit for those solutions that have a simple description in field theory. For instance, if the gauge group is SU (2), then an instanton of topological charge k depends on 8k − 3 parameters (or 8k if one includes the global SU (2) rotations). A sub-family depending on 5k + 4 parameters can be described by a particularly nice ansatz introduced by 't Hooft, while to describe the full 8k − 3 parameter family requires the more sophisticated ADHM construction [2] . (The ADHM construction was originally obtained using twistor space and algebraic geometry, but can be derived and explained in terms of differential geometry of R 4 [3] .) At least to first order in α ′ , the 't Hooft ansatz fits nicely with string theory -it has an elegant extension [4, 5] that obeys the low energy equations derived from the heterotic string. On the other hand, the special properties of the ADHM construction have not yet been exploited in any stringy way. That will be done in the present paper.
The solutions of string theory corresponding to instantons should be conformal field theories with (0, 4) supersymmetry, since in the field theory limit (that is the limit of a large scale instanton or equivalently α ′ → 0), self-duality of the gauge field is the condition for (0, 4) supersymmetry. Conformal field theories often arise as the infrared limit of theories that are not conformally invariant; a simple linear field theory can flow in the infrared to a very subtle nonlinear model. For instance, this point of view has been applied to
Calabi-Yau models [6, 7] . To study instantons in this way, we should consider linear sigma models with (0, 4) supersymmetry. The mass terms and potentials in such a model violate conformal invariance at the classical level; (0, 4) models with such interactions have been studied before [8] , but we will here need a slightly new twist.
The conclusion we get can be stated as follows: in the right context, with the right multiplets, the condition that a (0, 1) model should have (0, 4) supersymmetry is that the Yukawa couplings should obey the ADHM equations! Thus, for every instanton -that is, every solution of the ADHM equations -we get a (0, 4) sigma model that should flow in the infrared to the solution of string theory corresponding to the given instanton.
This gives a uniform treatment of all instantons in string theory, and I believe that, at least to physicists, it will put the ADHM construction on more familiar grounds.
1
Moreover, it may enable one to get some information about the behavior in string theory as an instanton shrinks to zero size; we comment on this issue in section 3. This may be helpful in understanding issues of H-monopoles and S-duality [9, 10] . Also the treatment of instantons via linear sigma models probably carries over to other manifolds, such as ALE spaces, on which there is a version of the ADHM construction [11] .
Construction Of The Model

Supersymmetries And Multiplets
We work in two dimensional Minkowski space with coordinates τ, σ and light cone variables σ ± = (τ ± σ)/ √ 2; the world-sheet metric is ds 2 = dτ 2 − dσ 2 . We are interested in models with (0, 4) supersymmetry. This means that there are four real right-moving supercharges. On the space of four real supercharges one could assume a symmetry group SO(4) ∼ = SU (2) × SU (2). However, the usual N = 4 superconformal algebra, to which the theories we formulate should flow in the infrared, contains only a single SU (2) factor. We will call the two SU (2)'s F and F ′ . Much of the formalism is invariant under F × F ′ , but the eventual Lagrangians will be only F ′ -invariant.
We write the four supersymmetries as Q AA ′ , A, A ′ = 1, 2. Indices A, B, C = 1, 2 will transform as a doublet under F , and indices A ′ , B ′ , C ′ = 1, 2 will transform as a doublet under F ′ . The supercharges are real in the sense that
1 However, while the relation to (0, 4) supersymmetry makes it obvious that the gauge fields coming from the ADHM construction are self-dual, it does not necessarily shed light on the harder part of the ADHM construction, which is to show that all instantons arise from this construction. That question is simply reinterpreted as the statement that all instantons arise from linear sigma models.
where ǫ AB and ǫ A ′ B ′ are the antisymmetric tensors of the two SU (2)'s. The supersymmetry algebra is to be
where P + = P − = −i∂/∂σ − is the generator of translations of σ − .
Consider a multiplet containing bosons and fermions related by the Q's. The multiplet usually considered in conformal field theory (assuming that the eventual Lagrangian is to be F ′ -invariant and not F invariant) is one in which the bosons transform as (1/2, 0) under F × F ′ . 2 We will, however, also need a multiplet in which the bosons transform as (0, 1/2). We will refer to the two types of multiplets as standard and twisted multiplets, respectively. Other multiplets have been found recently. [12] First, we write down the structure of the standard multiplet. (We will work in components, as I do not know how to describe these models in superspace.) There is a bose field X AY , A, Y = 1, 2, with a reality condition analogous to (2.1):
This multiplet admits the action of yet another SU (2) group H (which will generally not be a symmetry of the theories that we eventually consider). 
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2 The reason for this is that, in a conformal (0, 4) theory, if F ′ is the only global symmetry, as is usually the case, it must be carried only by right-moving modes, but the bosons have also a left-moving part. In the models we consider below, the bosons that are not F ′ -invariant are massive and irrelevant in the infrared. 3 ψ − is right-moving in the sense that the equation of motion of the free ψ − field would be 
If one wishes to consider k such multiplets, one simply extends the Y index to run from 1 . . . 2k; the group H becomes the symplectic group Sp(k) instead of SU (2) ∼ = Sp (1), and the tensor ǫ Y Z in (2.3) should be understood as the invariant antisymmetric tensor of
The structure of the twisted multiplet is the same, except that the roles of F and F ′ are reversed. Thus, there is a bose field φ 
The A ′ index transforms as a doublet of F ′ , and Y ′ is acted on by a new SU (2) group H ′ .
In addition, there is a right-moving fermi multiplet χ 
The commutation relations of (2.5) are of course obeyed. For k ′ such multiplets, one must take H ′ to be Sp(k ′ ), take Y ′ to run from 1 . . . 2k ′ and interpret the tensor ǫ
′ in the reality condition as the invariant antisymmetric tensor of Sp(k ′ ).
Of course, until we start writing Lagrangians, there is no essential difference between F and F ′ , and the two multiplets are on the same footing. They become distinguished once we construct Lagrangians that are invariant under F ′ and not F .
Left-Moving Fermions
Now we introduce left-moving fermions λ a + , a = 1 . . . n. The part of the Lagrangian containing λ a + is of the general form
where the components of ρ − include all the right-moving fermions ψ, χ, and G aθ is some unknown function of X and φ incorporating masses and Yukawa couplings. The equations of motion of the λ's are thus
Since I do not know how to treat the λ's as a (0, 4) superfield, we will have to study the supersymmetry transformations on-shell and by hand. The most general supersymmetry transformation allowed for the λ's by dimensional analysis is
with C a function of X, φ. Calculating the second variation, we get
We want to compare this to the expected result
The condition for (2.11) to be of the form (2.12) -for a suitable G -is simply that
If this is so, then (2.11) and (2.12) agree with
In (2.10) and (2. 
then we can make a (0, 1) supersymmetric model in which the transformation laws of λ are the ones given above specialized to η
being an anticommuting parameter of (0, 1) supersymmetry. The potential of this theory will be
where
To get (0, 1) supersymmetry with the transformation laws in (2.10), we need the potential in (2.18) to be independent of c, ensuring that the same Lagrangian is invariant under all four supersymmetries. The condition for this is that 
where L kin is the free kinetic energy for all fields. (0, 4) supersymmetry does hold when (2.13) and (2.20) are valid since (2.20) insures that the Lagrangian is invariant under all the supersymmetries and (2.13) ensures that these generate the global (0, 4) algebra.
The ADHM Equations
Now let us make the meaning of (2.13) and (2.20) more explicit. (2.13) can be solved quite explicitly; the general solution (raising and lowering indices with the ǫ symbols) is
where M, N, D, and E are independent of X and φ. Since C thus contains only terms at most bilinear in X and φ, the potential V ∼ C 2 at most contains terms of degree (2, 2).
It is straightforward now to impose the equations ( case, we can succinctly write Thus, the F ′ -invariant (0, 4) theories are simply determined by a tensor B, linear in X, and obeying (2.24). Of course, it may also be interesting to study the theories that arise if one does not assume either F or F ′ invariance. Now let us discuss the physical significance of this model. Since C is homogeneous and linear in φ, the potential V is homogeneous and quadratic in φ; in particular, it vanishes at φ = 0, for any X. Therefore, the X's are massless fields, but the φ's are massive;
indeed, being quadratic in φ, V can be interpreted as an X-dependent mass term for the 
where λ + i are the massless left-moving fermions.
To write, at the classical level, the effective action for the massless modes, one sets to zero the massive fields φ, χ, and makes the ansatz (2.26) for λ + . In particular, the kinetic energy for λ + becomes The definition of the gauge field is actually perhaps better explained without formulas; the bundle E of massless fermions is a subbundle of the trivial bundle E 0 of all fermions λ a − , and the gauge connection on E is the connection on E induced from the trivial connection on E 0 . In formulas, that corresponds to (2.28).
The ADHM theorem further asserts that two instantons are equivalent if and only if the two B tensors can be mapped into each other by the action of SO(n) × Sp(k ′ ) (which comes from the linear action of this group on the a and Y ′ indices of λ + a and φ
The ADHM construction gives rise to a partial compactification of instanton moduli space in which one drops the non-degeneracy condition and permits instantons for which φ is massless at some values of X; this corresponds to allowing some instantons to shrink to zero size. One wonders if this compactification is relevant to string theory, especially since linear sigma models have a good record of predicting correctly the moduli spaces of conformal field theories including the subtle behavior associated with singularities (for instance, see [13] ). The partial compactification of moduli space that comes from the ADHM construction is actually the analog for R 4 of the compactification that has been (rather optimistically) used in testing S-duality of N = 4 super Yang-Mills theory for strong coupling [10] .
Instanton Number One
In this section, I will make this construction somewhat more explicit by describing precisely the instanton number one solution in this language. Of course, there is no essential novelty here; the formulas are well known in the ADHM literature. Writing them out here may nevertheless be useful.
The basic one instanton solution arises for gauge group SU (2), but of course can be embedded in any larger gauge group. In the formulation above, the natural gauge group is SO(N ). We will take N = 4 and use the embedding of SU (2) in SO (4) given by the decomposition SO(4) ∼ = SU (2) × SU (2). Thus, we identify the gauge group of the one instanton solution with one of the SU (2)'s in SO (4); the second SU (2) -call it K -is a (rather trivial) global symmetry group of the solution.
Now, let us consider the full symmetry group of the sigma model corresponding to this solution. Any (0, 4) sigma model of the type we are considering has a global symmetry group F ′ ∼ = SU (2). In addition, the one instanton solution happens to be invariant under
So altogether, the global symmetry of the (0, 4) sigma model that we are looking for is
What are the fields supposed to be? We want k = 1 to get R 4 as space-time, and k ′ = 1 so that the instanton number will be one. There are therefore four X's, X AY , and
On the X's and φ's there is a natural action, noted in the last section,
, and this indeed proves to be correct.
Thus, while the general instanton-related (0, 4) model of the previous section has only F ′ symmetry, the one instanton solution (embedded as we have described in SO(4)) proves to have the full
To achieve this symmetry in the Lagrangian, one needs an appropriate action of 
Note that the total number of components of λ + is indeed 2 × 2 + 2 × 2 = 8. 
Here ρ is a real number that will be interpreted as the instanton scale parameter. It is easy to verify the ADHM equations (2.24). One may readily compute from (2.21) that the potential is
The expected symmetry under F × F ′ × H × H ′ , which acts by independent rotations of X and φ, is manifest in (3.3).
To extract the standard formula for the one instanton solution from these expressions, we simply need to write down the low energy action for the massless fermions. The following ansatz exhibits four massless modes of λ + :
(3.5)
With this ansatz, the free kinetic energy of the λ + 's (the first term in (2.8)) can be rewritten using the following formula:
In the last term one sees the standard instanton gauge field.
This completes what I will say about the classical sigma model describing the instanton. To obtain the stringy corrections to the solution, one must consider the renormalization group flow to a (presumed) (0, 4) conformal field theory in the infrared. This certainly entails integrating out the massive fields rather than simply setting them to zero. Whether in addition it is necessary to consider renormalization group flow of the massless fields depends on whether the (0, 4) action that one gets by integrating out the massive fields is automatically conformally invariant. It has been argued that massless (0, 4) theories of the general type under discussion here are automatically conformally invariant under some conditions [14] , but there are limitations on this argument [14, 5] . I will only make two observations here about the renormalization group flow:
(1) In integrating out the massive fields, the expansion parameter is easily seen to be 1/(X 2 + ρ 2 ); thus perturbation theory is accurate for all X if ρ is large, and for large X even if ρ is small.
(2) Despite being super-renormalizable, it appears that when formulated on a curved two-manifold, the theory has a one-loop logarithmic divergence proportional to the worldsheet curvature R, if minimally coupled to the world-sheet metric. It is conceivable that to avoid this, one should add an extra coupling, perhaps of the form Rφ 2 , when working on a curved world-sheet. This would spoil the ρ = 0 symmetry between X and φ that is mentioned below.
Behavior For
It is interesting to ask what happens if ρ is small -in fact, for ρ → 0. This is the regime in which the deviations of the stringy instanton from the field theoretic instanton should be large. In [4, 5] , an interesting proposal was made for the structure of the solution at ρ = 0: the low energy string-derived field equations were solved for arbitrary ρ, and it was seen that for ρ = 0 the solution develops a semi-infinite tube that joins to the rest of space-time near X = 0. This picture is not guaranteed to be correct because it is based on solving low energy equations that are not valid near X = 0 when ρ = 0. indicates that what happens at ρ = 0 is that the theory develops a second branch of classical vacua: in addition to the usual branch, φ = 0 with any X, one has a second branch, X = 0 with any φ. Field theory is a good approximation for large X on the first branch, or for large φ on the second branch. Indeed, at ρ = 0 there is a Z 2 symmetry that exchanges X and φ (unless this is ruined by an Rφ 2 term mentioned above). The two branches are two asymptotically flat and empty space-times, connected by a "worm-hole" region near X = φ = 0 where stringy effects are important.
Or alternatively, it may be that under the renormalization group flow to the infrared, the two branches become disconnected. If in renormalization group flow the two branches become infinitely far apart, each separated from X = φ = 0 by a semi-infinite tube, then it might be that the picture of [4, 5] corresponds to the X branch. In any event, the meaning of the φ branch is rather mysterious. 5 The picture is supported by the fact, noted in [5] , that the semi-infinite tube does indeed correspond to an exact conformal field theory. (This is true for (0, 4) as well as for the (4, 4) case discussed more thoroughly in [5] .) However, one does not know if the tube is stable.
